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Let A be the class of analytic functions in the unit disc with the
normalization f (0)¼ f 0(0)� 1¼ 0. This article analyses various necessary
and sufficient coefficient conditions for functions f2A of the form

z

f ðzÞ
¼ 1þ b1zþ b2z

2 þ � � �

to be univalent. We present an interesting class of univalent functions
associated with the zeta function and also pose an open problem.

Keywords: coefficient inequality; analytic; Hadamard convolution;
univalent and starlike functions; zeta function

AMS Subject Classifications: Primary: 30C45; Secondary: 30C20, 30C75,
30C80

1. Introduction and main results

Let A denote the collection of all analytic functions f on the unit disc D¼ {z : jzj51}

of the complex plane C normalized by the conditions f (0)¼ 0¼ f 0(0)� 1, and let

S ¼ f f 2A : f is one-to-one in Dg:

For f2A and f (z) 6¼ 0 for 05jzj51, consider

z

f ðzÞ
¼ 1þ b1zþ b2z

2 þ � � � : ð1Þ

Obviously, such a representation is valid for functions f2S. A wellknown area

theorem [1, Theorem 11 on p. 193 of Vol. 2] shows that if f2S has the form (1), thenX1
n¼2

ðn� 1Þjbnj
2 � 1: ð2Þ

*Corresponding author. Email: samy@iitm.ac.in

� 2013 Taylor & Francis
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It is natural to ask whether (2) is sufficient for univalence of the corresponding f.

In Theorem 1.3, we show that the condition (2) is actually not sufficient for

univalence and so, the radius of univalence is obtained for f satisfying the

condition (2). For our investigation, we introduce the class U of all functions f2A

satisfying the condition

U f ðzÞ
�� �� � 1, Uf ðzÞ ¼ f 0ðzÞ

z

f ðzÞ

� �2

�1, for z2D:

Functions in U are known to be univalent in D, see [2,3]. We refer to [4] for other

related studies concerning the class U. Now, we present a sufficient condition for

univalence in terms of the coefficients bn of the function f.

THEOREM 1.1 Let f2A and have the form (1). If f satisfies the condition

X1
n¼2

ðn� 1Þjbnj � 1, ð3Þ

then f2U. The constant 1 is the best possible in the sense that it cannot be replaced by a

larger number.

Proof The condition (3) implying f2U is well-known [5,6] and so, it remains to

prove the sharpness. Indeed, from the representation of f and the coefficient

condition (3), it follows that

U f ðzÞ
�� �� ¼ �z z

f ðzÞ

� �0
þ

z

f ðzÞ
� 1

����
���� ¼ �X1

n¼1

ðn� 1Þbnz
n

�����
����� �

X1
n¼1

ðn� 1Þjbnj � 1,

which implies that f2U. The proof of the first part follows.
In order to prove the second part, it suffices to show that there exist an "40 and f

of the form (1) such that

X1
n¼2

ðn� 1Þjbnj ¼ 1þ ",

but f 62 S. Now, let f (z)¼ z� az2, where a ¼
ffiffiffiffiffiffi
1þ"
p

1þ
ffiffiffiffiffiffi
1þ"
p with "40. Then a2 (1/2, 1) and

z

f ðzÞ
¼

1

1� az
¼ 1þ

X1
n¼1

bnz
n,

where bn¼ an. Thus,

X1
n¼2

ðn� 1Þbn ¼
X1
n¼2

ðn� 1Þan ¼
a2

ð1� aÞ2
¼ 1þ ":

On the other hand, f 0(z)¼ 1� 2az and therefore, f 0(x0)¼ 0 at x0 ¼
1
2a 2 ð1=2, 1Þ

showing that f is not univalent in the unit disc D. Thus, the constant 1 in the

coefficient inequality (3) is the best possible. g

R. M. Ali et al.612
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The coefficient condition (3) is only sufficient for f to be in the class U, but is not

a necessary condition. For instance, consider the function f given by

z

f ðzÞ
¼ 1þ

1

3
z2 þ

ffiffiffi
5
p

6
iz3 þ

1

9
z4:

We note that

z

f ðzÞ

����
���� � 1�

1

3
jzj2 1þ

ffiffiffi
5
p

2
izþ

1

3
z2

�����
����� � 1�

1

3
1þ

ffiffiffi
5
p

2
þ
1

3

� �
4 0

and so, z/f (z) is non-vanishing in the unit disc D. Also,

jU f ðzÞj ¼
1

3
�z2ð1þ

ffiffiffi
5
p

izþ z2Þ
��� ��� ¼ 1

3
jzj2jzþ ið

ffiffiffi
5
p
þ 3Þ=2j jzþ ið

ffiffiffi
5
p
� 3Þ=2j:

Next, if  ðzÞ ¼ 1þ
ffiffiffi
5
p

izþ z2 then  is univalent in D with  (0)¼ 1, and

max
jzj¼1
j ðzÞj ¼ max

0��52�
j2 cos � þ

ffiffiffi
5
p

ij ¼ max
0��52�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 cos2 � þ 5

p
¼ 3:

This observation shows that jUf (z)j51 for z2D. On the other hand,

X1
n¼2

ðn� 1Þjbnj ¼
1

3
þ

ffiffiffi
5
p

3
þ
1

3
4 1

and the claim is proved.
Similar to the condition (2) for f2S, one has the following necessary condition

for f2U. This result has apparently appeared in [7] for a different context, but for the

sake of completeness and a comparison in the sequel, we include the proof here as it

is straightforward.

THEOREM 1.2 Let f2U have the form (1). Then
P1

n¼2ðn� 1Þ2jbnj
2 � 1:

Proof The power series representation of f yields

jU f ðzÞj ¼
X1
n¼2

ðn� 1Þbnz
n

�����
����� � 1, z2D:

Letting z¼ rei� for r2 (0, 1) and 0� �� 2�, the last inequality gives

X1
n¼2

ðn� 1Þ2jbnj
2r2n ¼

1

2�

Z 2�

0

X1
n¼2

ðn� 1Þbnz
n

�����
�����
2

d� � 1:

The desired inequality now follows by letting r! 1�. g

THEOREM 1.3 Let f2A and has the form (1). If f satisfies the condition (2), then f is

univalent in the disc jzj5 r0 ¼
1ffiffi
2
p , and the radius is the best possible.

Proof Consider the function g defined by g(z)¼ r�1f (rz), where 05r� 1. Then

z

gðzÞ
¼ 1þ

X1
n¼1

bnr
nzn:

Complex Variables and Elliptic Equations 613
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The Cauchy–Schwarz inequality yields

X1
n¼2

ðn� 1Þjbnjr
n �

X1
n¼2

ðn� 1Þjbnj
2

 !1
2 X1

n¼2

ðn� 1Þr2n

 !1
2

�
X1
n¼2

ðn� 1Þr2n

 !1
2

¼
r2

1� r2
,

and since r2/(1� r2)� 1 for 05 r � r0 ¼
1ffiffi
2
p , it follows from Theorem 1.1 that g2U

(and hence univalent) in D. This means that f is univalent in the disc jzj5r0.

In order to prove that the radius of the disc is best possible, consider the function

f0ðzÞ ¼ z� r0z
2, r0 ¼

1ffiffiffi
2
p :

For this function,

z

f0ðzÞ
¼

1

1� r0z
¼ 1þ

X1
n¼1

rn0z
n

and therefore, with bn ¼ rn0,X1
n¼2

ðn� 1Þjbnj
2 ¼

X1
n¼2

ðn� 1Þ
1

2

� �n

¼ 1:

On the other hand, Re f 00ðzÞ ¼ Reð1�
ffiffiffi
2
p

zÞ4 0 for jzj5 r0 ¼
1ffiffi
2
p , and f 00ðr0Þ ¼ 0

showing that f0 is not univalent in any larger disc. g

THEOREM 1.4 Let f2A and has the form (1). If f satisfies the condition

X1
n¼2

ðn� 1Þ2jbnj
2 � 1,

then the function g, defined by g(z)¼ r�1f (rz), belongs to U for 05 r � r0 ¼ffiffiffiffiffiffiffiffiffiffiffi
5
p
�1
2

q
� 0:78615. In particular, f is univalent in the disc jzj5r0 and the result is best

possible.

Proof As g has the form

z

gðzÞ
¼

rz

f ðrzÞ
¼ 1þ

X1
n¼1

bnr
nzn,

it follows that

X1
n¼2

ðn� 1Þjbnjr
n �

X1
n¼2

ðn� 1Þ2jbnj
2

 !1
2 X1

n¼2

r2n

 !1
2

�
r2ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r2
p ,

which is less than or equal to 1 if r4þ r2� 1� 0, i.e. if 05 r � r0 ¼

ffiffiffiffiffiffiffiffiffiffiffi
5
p
�1
2

q
. This gives

the desired conclusion.
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To prove sharpness, consider the function f0 defined by

z

f0ðzÞ
¼ 1þ

X1
n¼2

rn0
n� 1

zn ¼ 1� r0z logð1� r0zÞ:

It is easy to see that Re(z/f0(z))40 for z2D showing that f0(z) 6¼ 0 for 05jzj51.

Now,

X1
n¼2

ðn� 1Þ2jbnj
2 ¼

X1
n¼2

ðn� 1Þ2
r2n0
ðn� 1Þ2

¼
r40

1� r20
¼ 1:

On the other hand, for jzj5r0, we see that

z

f0ðzÞ

� �2

f 00ðzÞ � 1

�����
����� ¼ �r

2
0z

2

1� r0z

����
����5 r40

1� r20
¼ 1,

while for r05z¼ r51:

z

f0ðzÞ

� �2

f 00ðzÞ � 1

�����
�����
z¼r

¼
r20r

2

1� r0r
4 1:

It follows that g0 defined by g0(z)¼ r�1f0(rz) belongs to U. That is, jUf(z)j � 1 holds in

the disc jzj5r0, but not in a larger one. Since

f 00ðzÞ ¼
1� r0z� r20z

2

ð1� r0zÞð1� r0z logð1� r0zÞÞ
2

and f 00ðr0Þ ¼ 0, then f0 is not univalent in a larger disc than jzj5r0. g

The above results can be extended to many general situations (see [8] and the

references therein). For example to the class U(�) of all functions f2A in D satisfying

the condition

Uf ðzÞ
�� �� � � for z2D,

and for some �2 (0, 1]. As U(�)�U �S, functions in U(�) are univalent in D. The

restriction on � implies that functions in U(�) are starlike in D. Here a function f2A

is starlike (with respect to 0), denoted by f2S�, if tw2 f (D) whenever w2 f (D) and

t2 [0, 1]. The analytic conditions for starlikeness of f2S can be written in the form

Re
zf 0ðzÞ

f ðzÞ

� �
4 0, z2D:

It is worth pointing out that functions in the collection

L ¼ z,
z

ð1	 zÞ2
,

z

1	 z
,

z

1	 z2
,

z

1	 zþ z2

� �

are contained in U \S�, and each function plays an important role in function

theory, especially when considering the corresponding families Lg of close-to-convex

Complex Variables and Elliptic Equations 615
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functions f satisfying the condition

Re
zf 0ðzÞ

gðzÞ

� �
4 0, z2D

with g2L. To state our next result, let us recall the following result:

THEOREM A [8] Any function f ðzÞ :¼ zþ
P1

n¼2 anð f Þz
n 2A satisfying

U f ðzÞ
�� ��5 �ja2ð f Þj þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2� ja2ð f Þj

2
p
2

, jzj5 1,

belongs to S�. Moreover, there exists a non-starlike function f in U such that

05
�ja2ð f Þj þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2� ja2ð f Þj

2
p
2

5 sup
jzj51
U f ðzÞ
�� �� � 1� ja2ð f Þj:

We remark that although U �S, functions in S are not necessarily in U. Thus, it is

natural to consider some subsets of S which are included in U. Our next result fulfils

this aim.

THEOREM 1.5 Let f2A satisfy the condition

zf 0ðzÞ

f ðzÞ
� 1

����
����5 �, z2D, ð4Þ

for some 05�� 1. Then

(1) j z
f ðzÞ � 1j5 e� � 1, z2D: (Note that e�� 1� 1 whenever 05�� log 2.)

(2) f2U(�0), �0 ¼ (1þ �)e�� 1.
(3) (Note that �0 � 1 whenever 05�� �0� 0.374823, where �0 is the root of the

equation (1þ �)e�¼ 2.)

In particular, if f2A and 05�� �0� 0.374823, then the following implications holds:

zf 0ðzÞ

f ðzÞ
� 1

����
����5 � ¼) f2U:

Proof Set p(z)¼ f (z)/z. Then p is analytic in D, p(0)¼ 1 and so, condition (4) is

equivalent to

zp0ðzÞ

pðzÞ
¼

zf 0ðzÞ

f ðzÞ
� 1 
 �z, z2D,

where 
 denotes subordination and p(z) is non-vanishing in D. We can write

zp0ðzÞ

pðzÞ
¼ �WðzÞ, z2D,

where W is analytic in D, W(0)¼ 0, and jW(z)j51 for z2D. Therefore,Z z

0

p0ðsÞ

pðsÞ
ds ¼ �

Z z

0

WðsÞ

s
ds, z2D,

R. M. Ali et al.616
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from which we obtain

log pðzÞ ¼ �

Z 1

0

WðtzÞ

t
dt

so that p(z)¼ exp(�!(z))), where

!ðzÞ ¼

Z 1

0

WðtzÞ

t
dt

and ! is clearly analytic in D, !(0)¼ 0, and j!(z)j51 for z2D. Therefore,

1

pðzÞ
¼

z

f ðzÞ
¼ expð��!ðzÞÞ, z2D:

Also,

z

f ðzÞ
� 1

����
���� � expð�j!ðzÞjÞ � 1 � expð�jzjÞ � 15 expð�Þ � 1

and the desired conclusion in part (1) follows.
For the proof of part (2), it suffices to observe that

f 0ðzÞ
z

f ðzÞ

� �2

�1

�����
����� ¼ zf 0ðzÞ

f ðzÞ

z

f ðzÞ
� 1

� �
þ
zf 0ðzÞ

f ðzÞ
� 1

����
����

�
zf 0ðzÞ

f ðzÞ

����
���� z

f ðzÞ
� 1

����
����þ zf 0ðzÞ

f ðzÞ
� 1

����
����

5 ð1þ �Þðe� � 1Þ þ � ¼ ð1þ �Þe� � 1,

and the desired conclusion follows. g

THEOREM 1.6 Let �ð�Þ ¼
P1

n¼1 n
��, �(�)¼ 2�(2�)� �(2�� 1) and

 ð�Þ ¼
1

24�þ1
þ �ð2� þ 1Þ � 1�

1

22�þ1
:

Assume that �0 is such that �(�0)40, and C¼C(�0)40 satisfies the condition

 ð�0Þ � C and C �
ð2�0�1 � 1Þ2 � 3�2�0

22ð�0�1Þ
: ð5Þ

Let f2S and define F� by

z

F�ðzÞ
¼

z

f ðzÞ
?
Li �ðzÞ

z
,

where Li �ðzÞ ¼
P1

n¼1
zn

n� and ? denotes the usual convolution/Hadamard product of two

convergent power series. Then F� 2U for �� �0.

Proof Let f2S and set

z

f ðzÞ
¼ 1þ b1zþ b2z

2 þ � � � ð6Þ

Complex Variables and Elliptic Equations 617
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so that z/F�(z) takes the form

z

F�ðzÞ
¼ 1þ

X1
n¼1

bn
ðnþ 1Þ�

zn:

The well-known area theorem [1, Theorem 11 on p. 193 of Vol. 2] gives

X1
n¼2

ðn� 1Þjbnj
2 � 1, ð7Þ

and, the Cauchy–Schwarz inequality yields

X1
n¼2

ðn� 1Þ
jbnj

ðnþ 1Þ�
�

X1
n¼2

ðn� 1Þjbnj
2

 !1
2 X1

n¼2

n� 1

ðnþ 1Þ2�

 !1
2

: ð8Þ

Now, X1
n¼2

n� 1

ðnþ 1Þ2�
¼
X1
n¼2

1

ðnþ 1Þ2��1
� 2

X1
n¼2

1

ðnþ 1Þ2�

¼ �ð2� � 1Þ � 1�
1

22��1
� 2 �ð2�Þ � 1�

1

22�

� �
¼ 1� �ð�Þ: ð9Þ

By hypothesis, �(�)��(�0)40 for �� �0. Consequently, using (7) and (9), (8)

implies that X1
n¼2

ðn� 1Þ
jbnj

ðnþ 1Þ�
� 1 for � � �0:

It is worth pointing out that for the quantity UF� ðzÞ to be well-defined, we need to

show that z
F� ðzÞ
6¼ 0 in D. Thus, by Theorem 1.1 and the last coefficient inequality,

F� 2U if z
F� ðzÞ
6¼ 0 for every z2D. In order to verify the non-vanishing condition, we

use the representation of z
F� ðzÞ

and obtain

z

F�ðzÞ

����
���� � 1�

X1
n¼1

jbnj jzj
n

ðnþ 1Þ�
4 1�

jb1j

2�
�
jb2j

3�
�
X1
n¼3

jbnj

ðnþ 1Þ�
: ð10Þ

Clearly it suffices to show that z
F� ðzÞ
6¼ 0 only for �¼ �0. In view of this observation,

we first observe that

X1
n¼3

jbnj

ðnþ 1Þ�0
�

X1
n¼3

ðn� 1Þjbnj
2

 !1
2 X1

n¼3

1

ðn� 1Þðnþ 1Þ2�0

 !1
2

5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� jb2j

2

q
1

2 � 42�0
þ
X1
n¼4

1

ðn� 1Þ2�0þ1

 !1
2

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� jb2j

2

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

24�0þ1
þ �ð2�0 þ 1Þ � 1�

1

22�0þ1

r

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� jb2j

2

q ffiffiffiffiffiffiffiffiffiffiffiffi
 ð�0Þ

p
�

ffiffiffiffi
C
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� jb2j
2

q
,
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where the last inequality is a consequence of the first condition in (5). Since
jb1j ¼ j� f 00(0)/2j � 2 for each f2S, it follows from (10) that

z

F�0 ðzÞ

����
����4 1�

1

2�0�1
�
jb2j

3�0
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Cð1� jb2j

2Þ

q
:

Moreover, (7) implies that jb2j � 1. Let

gðxÞ ¼
x

3�0
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Cð1� x2Þ

p
for 0 � x � 1:

It is a simple exercise to see that g has its maximum value of

gðx0Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 32�0
p

C

3�0

at the point x0 ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 32�0C
p

. In view of this observation

z

F�0ðzÞ

����
����4 1�

1

2�0�1
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 32�0
p

C

3�0
,

which is non-negative whenever C and �0 are related by the second condition in (5).
Finally, the condition z

F�0 ðzÞ
6¼ 0 holds in D under the hypothesis. Thus, F� belongs to

U for all �� �0, and this completes the proof. g

If f2S has the form (6) with b1¼ 0, then the range of � can be extended.
However, we can quickly obtain the following corollary.

COROLLARY 1.7 Let f2S and define F� by

z

F�ðzÞ
¼

z

f ðzÞ
?
Li �ðzÞ

z
,

where Li�ðzÞ ¼
P1

n¼1
zn

n�. Then for �� 3/2, F� 2U, and hence F� is univalent in D.

Proof Set �0¼ 3/2 in Theorem 1.6. Then, �(3)� 1.20206, and

�ð3=2Þ ¼ 2�ð3Þ � �ð2Þ ¼ 2�ð3Þ �
�2

6
� 0:75918,

 ð3=2Þ ¼ �ð4Þ �
135

128
¼
�4

90
�
135

128
� 0:0276357:

With C¼ (3/2), we find that

1�
1ffiffiffi
2
p �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 27C
p

3�
ffiffiffi
3
p � 0:0385848,

and thus, all the required conditions of Theorem 1.6 are satisfied with �0¼ 3/2. g

We conclude this article with an open problem.

Problem Determine the smallest value of � so that F� is either in U or in S.
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